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WE OBTAIN new information on various fundamental open problems and conjectures 
concerning classical knot concordance, homology 3-spheres and Property P. We use the 
theorems of S. K. Donaldson restricting the possible homotopy-types of smooth 
4-manifolds. In particular we address the questions: 
I; 
(cl 
(4 
(4 
(0 
k) 
Which homology 3-spheres cannot bound a homology 4-ball? 
Is a knot smoothly null-concordant if and only if its Whitehead double is? 
Which knots are of infinite order in the smooth concordance group but are trivial in 
the topological locally-flat concordance group? 
Which Arf invariant 0 knots lie in concordance classes each of whose members has 
Property P? 
Does every homology 3-sphere bound a spin I-manifold whose intersection form is 
even and definite? 
For which knots do the homology spheres C(K, l/n) obtained by Dehn surgery, 
bound 4-manifolds with positive definite non-standard intersection forms? 
Which homology 3-spheres have non-trivial Floer homology? 
PO. INTRODUCTION 
We provide new information concerning the following open problems and conjectures 
by utilizing recent results of S. K. Donaldson which restrict the possible homotopy-types of 
smooth 4-manifolds [6,7,8]. Definitions may be found in $1. 
Problem A (A for “acyclic”). Which homology 3-spheres cannot bound a compact, 
smooth homology 4-ball? (Problem 4.2 of [15]) or even a rational-homology 4-ball? 
(Problem 4.5.) 
Conjecture D (D for “double”). A knot in S3 is a (smooth) slice knot if and only if its 
untwisted Whitehead double D(K) is a (smooth) slice knot. (Problem 1.38 of [15].) 
Problem IO (IO for infinite order). Which knots are of infinite order in the smooth 
concordance group but are trivial in the TOP (topologically locally-flat) concordance group 
and hence go undetected by “classical” invariants? (Problem 1.36 of [15],) 
Property F. A knot has Property P’if only the trivial Dehn surgery on K yields S3. Does 
every non-trivial knot have property p? (Problem 1.15 of [15].) 
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We also answer question 4.3 of [15] by exhibiting many homology 3-spheres which do 
not bound any l-connected 4-manifold with even, definite intersection form. 
Most of our results are consequences of our providing large classes of examples for the 
following problem. Let us say that a homology 3-sphere “C bounds NSPD” (non-standard 
positive definite) if it is the boundary of a compact oriented 4-manifold whose intersection 
form (on H,) is positive definite and non-standard, that is, not integrally equivalent o the 
standard diagonal form. Sometimes we may also restrict H, of the 4-manifold. 
Problem NSPD. For which pairs (K, n) does the homology 3-sphere C(K, l/n), obtained 
by l/n Dehn surgery on the knot K in S 3, bound a compact 4-manifold W’ whose 
intersection form (on H,) is positive definite and non-standard? (We show in 2.11 that this 
can only happen if n >O, and that each Z(K, l/n) n >O will bound NSPD if Z(K, 1) does.) 
The last comment motivates our short-hand that K E NSPD if C(K, l/n) bounds NSPD 
for each n>O. 
The relevant theorems of Donaldson are as follows. Here X4 is a closed smooth 
oriented 4-manifold, B is the signature of the intersection pairing, b, is the rank of H, and 
b- is the number of negative eigenvalues of a matrix representing the rational intersection 
form (so 2b- =b,-o). 
DONALDSON’S THEOREM 1 [6,8]. Zf the intersection form on H,(X4)/Torsion is positive 
definite (b- =0) then it is integrally equivalent to the standard diagonal form. 
DONALDSON’S THEOREM 2 [8]. Let X be a closed, oriented smooth 4-manifold with the 
following three properties: 
(i) H, (X; Z) has no 2-torsion. 
(ii) The intersection form Q on H,(X)/Torsion has b- equal to 1 or 2. 
(iii) The intersection form is even. 
Then Q is equivalent over the integers to one of the forms 
To illustrate the connection, established by Donaldson’s work, between NSPD and A, 
for example, suppose that K E NSPD. Then Z(K, l/n)= a w4 where the intersection form of 
w4 is NSPD. But this implies that Z(K, l/n)(n >O) “satisfies” Problem A in that it could not 
bound a homology 4-ball V4, because otherwise X4= V4 u w4 would contradict 
Theorem 1 above. The connections to Conjecture D and Problem IO will be described later. 
If a knot K has the properties described in 10 then we shall say that “K E IO”. Similarly if 
Conjecture D is true for K (essentially meaning D(K) not slice) then we say “K ED”. 
Note: (added in proof) Andreas Floer has pointed out to us that if a homology sphere C 
bounds NSPD (see $0) then the Floer homology I,(Z) is non-trivial, because Donaldson’s 
Theorem 1 (see $0) will hold for X with boundary C as long as I,(Z) is trivial. Thus all our 
examples have non-trivial I,. For example: 
COROLLARY 0.1. Suppose K >, T. Then Z(D(K), + l), the homology sphere obtained by + 1 
surgery on the Whitehead double of K, has non-trivial Floer homology, but has vanishing 
Casson’s invariant (since the Alexander polynomial of D(K) is 1). 
COROLLARY 0.2. There are many (prime) homology 3-spheres for which (for any choice of 
metric, perturbation, etc.) the Floer chain groups are non-trivial in each parity. 
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This is in direct contrast to the recent results of R. Fintushel and R. Stern on Brieskorn 
homology spheres. However, our results are qualitative, not quantitative. 
Let us summarize the main results. In 52, we define a relation, “2’: on smooth 
concordance classes of knots. Loosely speaking, K I 2 K z if K 1 is concordant to K Z inside of 
a 4-manifold with positive definite intersection form. This generalizes the relation of “K, is 
obtained from K, by changing a positive crossing”. Let T denote the right-handed trefoil 
knot (with either string orientation) and U the trivial knot. D”(K) will denote the Whitehead 
double of D”-‘(K) where Do(K)= K (see 41). 
THEOREM 2.17. IfK>D’(T)for some O<i<5 then 
(a) K E NSPD and in fact Dj(K)e NSPD for O<j<(5-i) 
(b) Dj(K)clO for 1 Ij<(6-i) 
(c) Dj(K)ED for O<j<(5-i) 
There are many concordance classes greater than or equal to that of T as is evidenced by 
the following rather surprising theorem. 
THEOREM 3.1. Any non-trivial knot which admits a planar projection with all positive 
crossings is 2 the right-handed trefoil knot T. 
COROLLARY 3.2. If K is any non-trivial (p, q)-torus knot with p>O, q >O; or is the closure 
of a non-trivial positive braid, or is a non-trivial special(+) alternating knot then 
D’(K)ENSPD for O<i<5, D’(K)EZO for 1 Iis6 and D’(K)ED for O<i<5. 
COROLLARY 3.3. Every Brieskorn homology sphere X(p, q, r) with r = - 1 mod(pq) bounds 
a l-connected 4-manifold whose intersection form is isomorphic to -E, @ ( - 1) Q 
(-1). . . @ ( - 1) and hence no connected sum of such C(p, q, r) bounds a rational homologqt 
4-ball. 
As an aside, the following generalizes a result of Rudolph [21]. 
COROLLARY 3.4. Any non-trivial knot admitting a projection with all positive crossings has 
strictly negative signature and hence is not amphicheiral. 
PROPOSITION 2.7. The class of knots greater than or equal to afixed knot K is closed under 
forming satellites where the “primary” (companion) knot is any knot 2 U. 
Thus the class of knots 2 T is closed under connected-sums with knots 2 U. Any knot 
which is the boundary of a surface as in Fig. 1 with K, 2 U and K, 2 T will have the same 
Seifert form as the unknot but is >D(U) and hence falls under Theorem 2.17. 
The following two theorems are made possible by Donaldson’s Theorem 2 above. 
THEOREM 2.23. Suppose + 1 or - 1 surgery on K bounds a l-connected 4-mantfold whose 
intersection form is even, has non-zero signature, and is either dejnite or “almost deJnite” 
(a= *(rank- 2)). Then any knot concordant to K has Property p. 
Examples. Suppose that K 1, . . . , K, are slice knots and K, is any knot. Then any knot 
in the concordance class of the knot in Fig. 2 has Property P (see Corollary 2.24). 
Since our result covers entire concordance classes, these include an infinite number of 
knots not covered by previous results. 
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Fig. 1 
Fig. 2. 
THEOREM 2.18. Many homology 3-spheres, including C(p, q, 2npq - 1) for n >O, and 
X@‘(U), l/n) for 1 I is 5 and n >O, do not bound any l-connected 4manifold with even, 
dejnite intersection form. 
In 93 we include some “stability” and “density” results about which knots are 2 lJ, these 
being in the spirit of Thurston’s theorem that, given a link, almost all 3-manifolds obtained 
by surgery on that link are hyperbolic. 
In 94 we relate our work to the important notion of kinkiness [12] and give an 
application to the unknotting number of a knot. 
$1. HISTORY AND NOTATION 
A knot is a smooth embedding K of an oriented circle into a standardly-oriented S3. We 
use K to denote the image of the embedding as well. The knot -K is obtained by 
composing with an orientation reversing diffeomorphism of S3 and changing the orien- 
tation of the circle. The O-twisted Whitehead double ofa knot K, denoted D(K), is the knot 
obtained by embedding the circle in a solid torus as shown in Fig. 3a and then embedding 
that solid torus in another copy of S3 as a tubular neighborhood of K with the longitude of 
the solid torus going to the longitude of K, preserving orientations (as in 3b). It must be 
stressed that the “sense” of the clasp in 3a is crucial to our results. Very little can be said if we 
are forced to consider both clasps (the other is shown in 3~). More generally, the embedded 
circle of Fig. 3a may be replaced by any knot J in S3 which lies in the solid torus. The 
Fig. 3. 
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resulting knot will be called a satellite with orbit J and primary knot K and is denoted 
Sat(K, J). The winding number is the homology class of J in the solid torus. A knot K is slice 
if it extends to a smooth proper embedding of D2 in B4. Similarly, K is concordant to J if 
there is a smoothly embedded annulus in S3 x [O, 1] restricting to K and -J on its ends. 
The smooth concordance classes of knots form an abelian group under connected sum. Any 
Whitehead double D(K) is sliced by a topologically locally-flatly embedded disk. 
Whitehead doubles also occupy a privileged position in the study of knot concordance 
because of their role as “atoms” for the general situation. Central problems of surgery 
theory in dimension 4 were shown to be equivalent to certain slice problems involving 
iterated Whitehead doubles of simple knots and links 123. 
Andrew Casson (unpublished) was the first to show the existence of a knot which is slice 
in the TOP category but not in the smooth category. R. E. Gompf showed that DT E 10 and 
gave the first evidence for Conjecture D by showing that doubles of certain “twist knots” 
(including T) are not smoothly slice [12]. R. Fintushel and R. Stern have defined an 
invariant for the homology spheres C(p, q, I) which can show that X(p. q, r) E A [lo]. Their 
work does not address problem NSPD however (although see [lS]). For a bibliography of 
results on Property P’ see [15]. A good reference for Dehn surgery on knots and knot 
projections is [20], while a reference for unimodular forms is [16]. Kirby’s calculus of 
framed links is explained in [14]. 
$2. NEW RELATIONS ON KNOTS AND 3-MANIFOLDS 
We would like to propose conditions under which a knot is to be considered “more 
positive” than another knot. 
DEFINITION 2.1. If K, and K, are knots in S3 we say K, is greater than or equal to K,, 
denoted K 1 2 K,, if there is a smooth proper embedding A of S’ x I into w4 such that: 
(a) W4 is smooth, compact and oriented; 
(b) d W= 2 + WLI d- W= S3 Ll - S3 and A restricted to S’ x (0, l} gives the knots K 1 and 
-K, respectively; 
(c) the intersection form on N2( W, CI) is positive definite, 
(d) [A(S’ x I), A(S’ x al)] is zero in H2(W, 8 IV). 
This relation is clearly reflexive and transitive. We say that K, _< K, if the same holds 
with positive definite replaced by negative definite, or, equivalently (by reversing the 
orientation of W), if K, 2 K 1. Requiring that H,( IV) be trivial makes 2 easier to relate to 
some standard signature invariants; however it does not seem entirely natural and is not 
necessary for our work. In practice all W4 are 1 -connected. There is no problem in defining 
2 for knots in oriented homology-spheres. 
The following remarks and propositions clarify the notion of 2. Quite often W will be 
# CP(2) with some open 4-balls deleted. 
PROPOSITION 2.2. If the knot J can be transformed to the knot K by changing certain 
positive crossings of J to negative crossings ([4]) then J 2 K via a 1 -connected 4-manifold W4 
(see 2.1). 
Proof: As explained in Lemma 3.4 of [4]. the double points of the trace of the homotopy 
given by the crossing changes may be desingularized by connected-summing with copies of 
@P(2) in such a way that the resulting annulus is null-homologous. + 
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(2.3) More generally, J 2 K if a knot diagram of J can be changed to one of K by 
“blowing-up” + l’s each of which has zero linking number with J [14]. 
(2.4) This relation clearly generalizes ordinary smooth knot concordance. 
(2.5) IfK,2K,andK,2K,thenK,#K,2K,#K,and-K,I-K,where-K,is 
any concordanti inverse of K,. These imply that K, >K, # K, if and only if 
K, #(-K,)>K,. 
(2.6) Note that the figure eight knot is both 2 U and I U since it can be unknotted by 
changing either a positive or negative crossing. 
PROPOSITION 2.7. If K 2 J then Sat(K, orbit) 2 Sat( J, orbit). In particular, since 
D(K)= Sat(K, UJ), D(K)>D( J). (Here it must be stressed that in the notation Sat(K, 0) the 
first variable K stands for a knot type whereas the second variable 0 stands for a particular 
embedding of a knot in a solid torus as in $1.) 
Proof: Viewing the orbit knot as a knot in a solid torus T, simply map T x [0, I] into a 
neighborhood of the A s S’ x [0, l] in W’ as guaranteed by 2.1. Condition (d) of 2.1 
guarantees that no twists are introduced in T. + 
In 93 we detail interesting classes of knots which are greater than or equal to the right- 
handed trefoil knot. In general it is an interesting problem to 
Problem 2.8. Characterize those knots which are greater than or equal to the trefoil (or 
greater than or equal to the unknot). 
The above notions may be extended to rational-homology-cobordism classes of rational 
homology 3-spheres. 
Dejinition 2.9. Given compact oriented rational homology 3-spheres M, and Mz, we 
say that M, 2 M, if there is a compact, smooth oriented 4-manifold W such that 
(a) dW=M,LI(-M,) 
(b) the intersection form on H,( W, Q) is positive definite. 
These notions are related in several ways. For a knot K in S3, let C(K; p/q) denote the 
result of p/q Dehn surgery on the knot K in S3 [20]. The following string of elementary 
lemmas will allow us to prove our main theorem. 
LEMMA 2.10. Suppose p#O. If JkK then E(J, p/q)>C(K, p/q). 
Proof The normal bundle to A in W is trivial. The preferred trivializations of this 
bundle restricted to Ju( -K) given by the “O-framings” extend to a global trivialization 
since [A, LJA] = 0. Thus we may perform a p/q surgery of sorts on W itself by deleting A x D2 
and replacing S’ x I x D2 using a homeomorphism which is a product on the I factor and 
restricts on 8Z to the p/q surgeries on 8 W. If the result is denoted S( W, p/q) and p # 0, then 
H2(S(W))~HH2(W-A)~H2(W) and hence a(S(W))=a(W). Thus S(J,p/q)>S(K,p/q). + 
Before proceeding we need three facts concerning “the calculus” of Dehn surgery 
descriptions, which is to say, we need three “moves” on Dehn surgery pictures which 
preserve the oriented homeomorphism type of the 3-manifold. 
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THE TWIST THEOREM (see 265 of 1203). The move in Fig. 4 preserves 3-manifold type. 
THE HANDLE-SLIDE THEOREM (compare [14]). The move in Fig. 5 preserves 3-manifold 
type. 
THE SLAM-DUNK THEOREM. The move in Fig. 6 preserves 3-manifold type. 
We shall sketch a proof of the Slam-Dunk move. Let J be the unknotted circle with 
surgery coefficient p/q and let K be the other circle. Let M’ be the 3-manifold in question 
and let M be the result of surgery just along K. Now think of J as a representative of an 
isotopy class of circles in M. M’ is homeomorphic to the result of surgery on M along anJ’ 
representative of the isotopy class of J in M. Now M =(S3 - K x 0’) u (S’ x 0’) for a 
certain map 0. Since J is a “meridian” of K x D’, it lies on the boundary of the solid torus 
S’ x D2 and may be pushed into its interior. Thus M’ is the union of S3-K x 0’ and the 
result of Dehn surgery on a circle .I* in a solid torus S’ x D2. Because d exchanges meridian 
and longitude (up to sign), J* may be taken to be the core circle of S’ x D2. Since surgery on 
the core of a solid torus is again a solid torus, M’ is homeomorphic to some Dehn surgery 
on K in S3. It may be checked that the correct coefficient is -q/p as shown above. + 
LEMMA 2.11. For any n, X(K, l/n)>X(K, l/n-l) via a l-connected 4-manifold. In 
particular, if n2 1, C(K, l/n)LX(K, + 1) and, if nI0, C(K, l/n) cannot bound a NSPD 
(see 90). 
Fig. 4. 
:+“tPlk IK, J) 
Fig. 5. 
Full twists 
Fig. 6. 
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Proofi In fact Z(K, l/n) and -Z(K, l/n- 1) cobound a l-connected 4-manifold whose 
intersection form is (+ 1). Using the Slam-Dunk Theorem, the surgery description (K, l/n) 
is equivalent o the description ((K, 0), (J, - n)> where J is a small linking circle to K. Using 
the Twist Theorem, this may be modified to {(K, l), (5, n/n- l)}. Use the Handle-slide 
Theorem to slide the J circle over minus the K circle so that the new J* is a parallel to K and 
the new surgery coefficient on J* is l/(n - 1). It may be checked that J* and K have zero 
linking number. Thus we see that X(K, l/n) may be obtained as + l-surgery on a nullhom- 
ologous circle in C(K, l/n- 1). In particular C(K, l/n) is obtained as the “new” boundary 
upon adding to Z(K, + l/n - 1) x [0, l] a single 2-handle with framing + 1. The desired 
result follows. Note that if nI0 then C(K, l/n)lC(K, 1/O)=S3. Such a Z(K, l/n) then 
clearly bounds 4-manifold with negative definite intersection form. By Donaldson’s first 
theorem this precludes such a Z(K, l/n) bounding NSPD (see 2.12). l + 
LEMMA 2.12. Lf K, 2 K, and K, E NSPD, then K, E NSPD. More generally, if Z, 2 Cz 
and C, bounds a NSPD then X1 does also. 
Proof: This is clear from 2.10 since Z(K,, l/n) is a homology sphere and because a direct 
sum of a positive definite form and a non-standard positive definite form is non-standard 
positive definite. + 
LEMMA 2.13. If K 2 UJ and K E NSPD then K is of infinite order in the smooth concordance 
group; if D(K) E NSPD then K E D. 
Proof: Suppose that K # . . . # K is a slice knot, so that C(K # . . . ‘# K, 1) is the 
boundary of a contractible manifold [14]. Since (K # . . . # K)2 K, (K # . . . # K)E 
NSPD (2.12). This would contradict Donaldson’s first theorem. Hence K is of infinite order. 
Similarly, if D(K) E NSPD then D(K) could not be slice so K ED by definition. 0 
We are now ready to prove the lion’s share of our main theorem using a result of the 
second author to the effect that, for i< 5,Z(D’(U), + 1) bounds a 4-manifold whose 
intersection form is NSPD (proof of 2.5 of [12]). 
THEOREM 2.14. ZfK>D’(T)for some O<i<5 then 
(a) K E NSPD and in fact DUE NSPDfor 01j<(5- i) 
(b) Dj(K)~Zofor 1 <js(5-i) 
(c) Dj(K)EDfor O<j<(4-i). 
Proof Note that D’(%)>U for any i. If n21 then E(Dj(K), l/n)kE(Dj(K), + 1)2 
E(D’+‘(U), + 1) by 2.11,2.7 and 2.10. Since the latter bounds a NSPD by Gompf’s theorem, 
2.12 shows that X(Dj(K), l/n) bounds NSPD. Hence DUE NSPD. Parts (b) and (c) follow 
from 2.13. 
These results may be extended slightly by improving on Lemma 2.13 as follows. 
THEOREM~.~~ (compare 2.13). IfK>U and KENSPD then D(K)EZO and ICED. 
The proof of 2.15 requires a lemma concerning MDo,, the 2-fold cover of S3 branched 
over the knot D(K). This method was first used by S. Akbulut to show that U E D. 
LEMMA 2.16. MDo, xZ(K #r(K), l/2) where r(K) is K with the opposite string orien- 
tation (the reverse of K). 
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Fig. 7. 
Proofof2.16. The knot D(K) has a Seifert surface as in Fig. 7. Using the method of [l], 
M,(,, has a surgery description given by 0 surgery on K # r(K) and - 2 surgery on a small 
linking circle to that knot. An application of the Slam-Dunk Theorem transforms the 
description to the claimed form. l 
Proofof2.15: Suppose that some 4 D(K) is slice. Note that M#no,)z 4 M,(,, which 
i=l i=l 
by 2.16 is 4 X(K #r(K), l/2). The latter is 2 4 X(K, l/2) since K2 I1J. Similarly this is 
i=l i=l 
>X(K, l/2). Since K E NSPD, we have shown that MsDo,) bounds a 4-manifold with 
NSPD intersection form. This contradicts Donaldson’s theorem because of the well-known 
fact that the 2-fold cover of S3 branched over a slice knot always bounds a Z,-homology 
ball [3]. ++ 
Note. Theorem 2.15 allows us to prove part of our results without using Gompf’s work. 
Namely, if K 2 lJ then D(K) E IO so K E D. This follows, of course, because it is well known 
that Z(U, + 1) bounds a manifold whose form is 
Thus we have 
NSPD. 
THEOREM 2.17. IfK>D’(U)for some O<i<5 then 
(a) Dj(K)eNSPDfor O<jl(S-i) 
(b) Dj(K)EIOfor 1 <j<(6-i) 
(c) Dj(K)EDfor OIj1(5-i). 
Remark. The upper limit of the range for i may be increased slightly if the trefoil is 
replaced by a twist knot which is more positive than the trefoil (see [12]). 
Donaldson’s “second” 4-manifold theorem (see $0) has resisted attempts to apply it as 
we have applied his first theorem. Here, however, we do find two interesting applications. 
Firstly, we show that many interesting homology spheres do not (with either orientation) 
bound even definite 4-manifolds, answering Problem 4.3 of [15]. C(2,3, 10) and 
C(D(U), + l/n) n>O are nice examples. 
THEOREM 2.18. If K E NSPD and n > 0 then X(K, 1/2n) does not bound any l-connected 4- 
manifold with even definite intersection form and does not bound any such with an almost 
definite ,form unless it has rank 2. The homology spheres X(p, q, 2npq - 1) for n >0 are 
examples. The same holds for any C(D(K), I/n), n >0 with D(K)E NSPD. Examples are 
C(D’(U), l/n) with 1 <is5 and n>O. 
LEMMA 2.19. Suppose that X is a homology sphere obtained by 1/2n surgery on a knot K or 
by 1 /n surgery on D(K) (in both cases n is arbitrary). Then C bounds a 1 -connected 4-manifold 
whose intersection form is that of S2 x S2. 
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Proofof2.19. By our Slam-Dunk Lemma, Z(K, 1/2n) has a surgery description given by 
O-surgery on K and - 2n surgery on a small linking circle to K. This is clearly the boundary 
of a 4-manifold whose intersection form is that of S2 x S’. Similarly, below we shall show 
that x(&K), l/n) bounds a 4-manifold with the intersection form of S2 x S’. 
Proof of 2.18. If K E NSPD then C(K, 1/2n) n>O does not bound a contractible 4- 
manifold. Let W4 be the manifold guaranteed by 2.19. Suppose that Z(K, 1/2n) does bound 
a l-connected V4 with even definite form. Then Donaldson’s Theorem 2 applied to W4 u 
(- V”) implies that V4 be contractible, contradicting our first statement. The argument is 
similar for the other cases. Finally note that Z(p, q, 2npq- l)= -X( T(p, q), 1/2n) where 
T(p, q) is the (p, q) torus knot with p>O, q >O [17]. In the next section it is shown that 
T(p, q) E NSPD. 0 
We now indicate a proof that Z(D(K) l/n) bounds a l-connected 4-manifold whose 
intersection form is a single hyperbolic pair, thus completing the proof of 2.18. This is shown 
by the following with J being a certain embedding of the trivial knot. 
LEMMA 2.20. Suppose that J and J, are two knots diflering only inside small balls where 
they appear as in Fig. 8. Then -C(J, l/n) and C(J,, l/n) cobound X, a 4-manifold whose 
intersection form is that of Sz x S2, and whose n, is a quotient of x1 (Z( J, 1 in)). 
Proofof2.20. Let X =((C(J, l/n) x [0, l])uh: uh:) where the 2-handles are added as in 
Fig. 9a. Thus C?‘(X) is the 3-manifold given by the surgery description in Fig. 9a. We shall 
show it to be homeomorphic to C( JK, l/n), completing the proof. First “slide”‘J over the 
Algebraically 
4 
. . . . . . 
J 
(a) I 
’ 1 
Fig. 8. 
(b) ’ 7 
. . . 
0 
0 cl P K 
(cl 
0 
0 a K 
n 
. . . 
K 1 J, 
Fig. 9. 
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small knotted circle as many times as necessary to arrive at 9b (see [14]). Then add the 
transformed J to the small unknotted circle many times to disentangle it and achieve 9c. 
Finally the small knotted circle may be unknotted similarly. Thus we arrive at a known 
description of C(J,, l/n) # S3 [14]. ++ 
Our second application of Donaldson’s Theorem 2 is rather surprising. We give 
examples of entire concordance classes of Arf invariant zero knots which have Property P. 
In fact no non-trivial surgery on any of these knots can bound a contractible 4-manifold. 
The Arf invariant was the only heretofore known concordance obstruction to Property P. 
THEOREM 2.23. Suppose + 1 or - 1 surgery on K bounds a l-connected 4-manifold whose 
intersection form is even, has non-zero signature and is either definite or almost-definite 
(a= +(rank- 2)). Then any knot concordant to K has Property p. 
COROLLARY 2.24. Suppose K is a knot obtained from the (2,7) torus knot by a single 
“generalized band-pass” as in Fig. 10 (note that K must run over each band zero times 
algebraically), or by tying a knot in a generalized band as in Fig. 8. Then any knot in the 
concordance class of K has Property I? 
Proof of 2.23. First we verify the theorem for K itself. According to [6] we need only 
show that neither Z(K, + 1) nor Z(K, - 1) is S3. The key point is that Z(K, + 1) and 
-X(K, - 1) would then cobound a l-connected 4-manifold p whose intersection form is a 
hyperbolic pair. The sequence of framed link pictures (Fig. 11) demonstrates this fact. Here 
we begin with TZ(K, 1) x [O, 1 J and add two-handles to E(K, 1) x {l} as in Fig. lla. This 4- 
manifold has the claimed intersection form and its new boundary component is the :. \\ \\ ..* . l& \ \ 
(a) 0 
2 
@I 
K 
CD 
:. .,. :* 
\ 
Q, . 
4, 
Fig. 10. 
(b) 
Fig. 11. 
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Fig. 12. 
3-manifold of lla. This is shown to be Z(K, - 1) by first performing a handle slide, then 
“blowing-down” [141 (twist - 1) the small + 1 circle, and finally blowing down the resulting 
+ 1 circle as well. 
Now let IV be the manifold guaranteed by the hypotheses of 2.23 as applied to 
C(K, + 1) for example. Now suppose that Z(K, - 1) were S3 (or more generally suppose 
that it bounds a contractible 4-manifold V4). Then the closed manifold W4u Y4u( - V4) 
contradicts Donaldson’s Theorem 2. If E(K, + 1) bounds a contractible V4 then W4u 
(- V4) contradicts B. Thus K has Property P (actually a stronger property). Note that the 
proof works for any knot K’ concordant to K because C(K’, l/n) would be homology- 
cobordant to E(K, l/n) (by 2.10 essentially). ++a 
Proofof2.24. In case a), it is easy to see using Kirby’s calculus that K is concordant by a 
null-homologous annulus to T(2,7) inside of (S3 x I) # (S’ x S2). This is shown in Fig. 12 for 
a normal band pass. The reader can generalize this. Thus C(K, 1) and -C(T(2,7), 1) 
cobound a 4-manifold whose intersection form is that of S2 x S*. Now use the well-known 
fact that X( T(2,7), 1) = -X(2,7, 13) bounds a l-connected 4-manifold with positive definite 
form (I,,) [15], to conclude that C(K, 1) satisfies the hypotheses of 2.23. In case b), apply 
2.20 with J being T(2,7) and proceed similarly. +++ 
This suggests that it might be fruitful to study “concordance” inside # S2 x S2. However, 
the number of S2 x S2 factors required is the important number since any knot is “band-pass 
equivalent” to a knot in the concordance class of either a right-handed trefoil knot or the 
trivial knot depending on its Arf invariant. 
Let C(J, (2, 1)) denote the (2, 1) cable about J. In terms of our previous notation this is 
Sat (J, &), Note that C(J, (2, 1)) is the boundary of a non-orientable interval bundle over J. 
THEOREM 2.28. If J 2 U and J E NSPD then C(J, (2, 1)) is of injinite order in the smooth 
concordance group. 
Proof. BY Cll, &c~,~22~))= C(J #r(J), + 1)2Z(J, + 1). Then the proof follows that 
of 2.15. + 
43. EXAMPLES OF KNOTS>THE RIGHT-HANDED TREFOIL KNOT 
As we have mentioned, any knot which can be transformed to T by changing positive 
crossings is 2U. Thus the following is useful (and surprising). 
THEOREM 3.1. Let D be a knot diagram containing only positive crossings. Then either 
(a) D is a diagram of the unknot, or 
(b) by changing a subset of the crossings of D, one may arrive at a diagram of one of the 
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negatively-twisted doubles of the unknot as in Fig. 13. Since, by changing positive crossings, 
any of these can be transformed to 8, the original knot is 2 % via a l-connected 4-manifold 
whose intersection form is a positive definite standard form. 
COROLLARY 3.2. If K is any non-trivial torus knot p, q > 0, or is the closure of a non-trivial 
positive braid, or is a non-trivial positive special alternating knot then D’(K)eNSPD for 
OIiS5, D’(K)EIOfor 11i16 and D’(K)EDfor O<i15. 
COROLLARY 3.3. Each Brieskorn homology-sphere C@, q, r) with r 3 - 1 mod(pq) bounds 
a l-connected 4-manifold whose intersection form is isomorphic to -Eg @ (- 1) 
@ . . . @( - 1) and hence no connected sum of such C(p, q,r) bounds a rational- 
homology-ball. 
COROLLARY 3.4. Any non-trivial knot admitting a projection containing only positive 
crossings has strictly negative signature and hence is not amphicheiral. 
Proof of 3.3. Note that such a -Z(p, q, r) is l/n surgery on the (p, q) torus knot where 
r=npq-1 [173. 
Proof of 3.4. Apply Lemma 3.16. 
Proof of 3.1. Think of our knot as in S2 x R and the projection P as in Sz x (0) ES’. The 
R-factor will be called the height. A projection in which all overcrossings have been labelled 
will be called a diagram lD for K. Thus the knot type of K may be retrieved from the 
diagram. A diagram will be called positive if there are only positively oriented crossings. 
Let D be a positive diagram for K with the least number of crossings for which the 
Theorem fails and P be its underlying projection. If D has no crossings then K is unknotted 
so the theorem is true. Otherwise choose a crossing and label it p. Let D be a small disk in S2 
centered at P, intersecting P as shown in Fig. 14a. Let pO, pl, p2, p3 denote the points of 
P n dD as indicated. P n (S2 -int D) consists of two oriented immersed arcs, say a (running 
from p1 to po) and p (running from p2 to p3). If a fails to cross over 8, then, u can be flipped 
out from under /3 to arrive at a positive diagram ID’. This diagram will have fewer crossings 
unless there were no crossings between a and p in P. In the latter case ID’ would look like 
Fig. 13. 
Fig. 14. 
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Fig. 14b without loss of generality. We could then create a diagram K?J” by doing the 
obvious half-twist. UY’ would be a positive diagram with fewer crossings than D. Thus the 
theorem holds for D” (or [19’). Hence either OY’ (or OY) and hence D are diagrams of the 
unknot or there are crossing changes transforming D” (or D’) to the diagram as in 3.1 (up to 
isotopy). Since the crossings of D” (ID’) correspond injectively to the crossings of D, the same 
may be said of [19. Therefore we assume that a does pass over /I. Choose the first 
(proceeding along a) such crossing, labelled q, and form a disk D’ centered there, 
intersecting P as in Fig. 15. Let qo, ql, q2. q3 denote the points P n 8D as shown in Fig. 15. 
Let A,, A, be the oriented subarcs of a running from p1 to q1 and q. to p. respectively. 
(These arcs may be tangled together and may wrap around the disks.) Similarly, divide /I 
into the two arcs A, and A, running from pz to q2 and q3 to p3 respectively. By the 
construction of q, A, cannot cross over AZ or A,, although it may cross under these. 
Fix an identification of the cylinder C = S2 -int(D u D’) with S’ x 1. Let rr denote 
projection onto S’. Assume that n(pi)=n(qi) i= 1,2. Thus, the arcs A, and AZ have well- 
defined winding numbers. By rotating D’ if necessary, we may assume that A, has winding 
number zero. Let n denote the winding number of A, (as measured counter- 
clockwise around D’ in Fig. 15). The homological intersection number A,.A, is also well- 
defined (for example we may use ?r to glue together the components of X so that A 1 and A, 
become cycles on a torus). It follows immediately that A,.A, = n. But each intersection 
corresponds to a positive crossing of A, over A,, so n>O. 
We now change crossings in D without disturbing the projection P. For i =O; 1,2,3 let 
Ai denote the arcs in S2 x Iw projecting to Ai, with endpoints pi and qi. We are free to 
homotope K vertically (fixing P but possibly changing crossings). Perform such a homo- 
topy, without changing the crossings p and q, so that for each i, pi is moved to height 2i + 1, 
qi is moved to height 2i, and height becomes monotonic on Ai. Thus the arcs Ai now lie in 
disjoint shells S* x [2i, 2i+ l] i=O, 1, . . . ,3. Call the resulting knot K’. Assume that K’n 
(D x lF8) lies above height 1 and K’n(D’ x &I) lies below height 6. Next we isotope K’. 
Since height is monotonic on each Ai, any homotopy rel a of A, in C = S2 - int(D u D’) 
corresponds to an isotopy rel a of ai in C x IF& Thus the isotopy classes rel a of 2, 
and A2 are completely determined by their winding numbers. In particular, after an iso- 
topy of K’, A, may be drawn as a straight line segment in Fig. 15 and A2 may be drawn 
as an embedded curve winding n (2 0) times counter-clockwise around D’. A, may also 
be put into standard position winding around D’. This winding may be removed because 
K’ does not intersect D’ x (5,6]. Similarly, winding in A, may be removed by pulling 
A, through D x [0, 1). The resulting diagram of K’ is shown in Fig. 16a for the case 
n= 2. Thus K’ is the twist knot shown in Fig. 16b. By making n more crossing changes 
we may obtain the trefoil as in Fig. 17. 
Remark. Note that this procedure is constructive. Note also that if n>O then K> 52 
(twist knot with n= 1) and we get an extra double in some of our theorems (see Remark 
after 2.17). l ++ 
PO q3 
D 
cl3 
D’ 
PI A, 41 
P3 --_---____- .._. a3 qo 
P2 
Fig. 15. 
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Fig. 16. 
(b) f I 
Fig. 17. 
Fig. 18. 
Examples of knots 2 T. 
(3.10) Any non-trivial positive torus knot, braid or positive special alternating knot; 
(3.11) Any satellite knot whose primary knot is 2 U and whose orbit knot is 2 T. This 
includes positive cables (with p, q > 1) on knots 2 U and K # K’ where K 2 U and K’ 2 T; 
Note that each of these types most likely will not admit a positive projection; 
(3.12) All knots with fewer than 8 crossings and negative signature except possibly the 
knot 6,; 
(3.13) A satellite knot whose primary knot is 2 U and whose orbit has winding number 
zero and is obtained from a knot 2U by putting negative twists into the solid torus. 
Examples of this phenomenon are negatively-twisted Whitehead doubles of any knot > U; 
Similarly, the r-twisted double of any knot is 2 T if rl -4rc_(K)- 1 where K- is the 
negative kinkiness of K (see $4). 
(3.14) The pretzel knots of Fig. 18 are LT if p, q, r are odd half-twists and either are all 
negative or p > 0, q 5 -2p - 1 and rl -2p - 1. This includes all K (p, q, q) with p > 0 and 
negative signature. Note that each pretzel knot K(p, q, r) is 2 U if at least two of {p, q, r} are 
negative, and <Iu otherwise. 
The sign of the knot signature seems to obstruct its being 2T. We have 
THEOREM 3.16. If J2 K via a 4-manifold whose H, has no 2-torsion then a(J)<a(K) 
where the latter are ordinary knot signatures. 
510 Tim D. Cochran and Robert E. Gompf 
Fig. 19. 
Proof: The proof of 3.16 is immediate from the proof of Lemma 4.3 in the next section. 
The class of knots which are >T satisfies certain stability and density properties. 
PROPOSITION 3.17. For any K there exist knots N(a,, bi) as in Fig. 19 such that 
K>N(a,, b,)# . . . # N(a,, b,). Thus, for any K there are such N(-Ui, -bi) such that 
K # ( # N( - ai, -bi)) is 2 U. Furthermore, n may be taken to be genus(K) and the ai, bi are 
bounded by the number of negative crossings in a certain projection of K. 
ProoJ: The integer n will be the genus of K. Put a Seifert surface for K into a standard 
form. By blowing-up + l’s [14] we may unknot and unlink the bands at the expense of 
adding twists to those bands. Thus the surface may be reduced to one for # N(ai, bi). For 
the second statement apply 2.5 and add one more T. 
PROPOSITION 3.19. If a knot K(L, ai, bi) is thought of as parametrized by a knotted l- 
complex L formed by the spine of a Seifert surface in “standard form” and by the algebraic 
twisting (ai, bi) of these bands, thenfor any L there are integers Ai, Bi such that K(L, ai, bi) 2 T 
whenever a, 2 A, and bi 2 B,. Furthermore these Ai, Bi are bounded by the number of crossings 
in any projection of L. 
Proof It is clear that by adding extra negative twists to the bands that the procedure of 
the proof of 3.17 will end in T and that the number necessary depends only on L. + 
$4. KINKINESS OF KNOTS 
One consequence of our results so far is that many doubles of knots are not slice knots. 
A stronger statement can be made about our examples and it is best made in terms of 
kinkiness, a concept introduced by the second author in his thesis (see also [12]). 
Definition 4.1. The positive (respectively negative) kinkiness K, (K-) of a knot K is the 
minimum, over all properly and normally immersed isks in B4 whose boundary is K, of the 
number of positive double points (respectively negative) of the immersion. The kinkiness of 
K iS K=(K+,K_). 
THEOREM 4.2. If K 2 U and K E NSPD then D(K) has kinkiness (LO); moreover, it is not 
I U via any 4-mantfold whose H, has no 2-torsion. 
Proof: Clearly K _ =0 and K, I: 1 for any Whitehead double since any such may be 
unknotted by changing a single positive crossing. Then K, =0 if and only if D(K) bounds a 
normally-immersed isk with only negative singularities. Such a D(K) would then be I UJ 
via a l-connected 4-manifold (see [4]). 
Assume K 2 U, K E NSPD and that D(K) I UJ via such a restricted 4-manifold. We shall 
derive a contradiction. 
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LEMMA 4.3. If J2 K via a 4-manifold whose H, has no 2-torsion and a(K)=o(J), then 
M,>M,. 
Using 4.3 applied to U rD(K) we have that S3>MDtK), or, in other words, 
S3>C(K #r(K), 1/2)2C(K, +I) by 2.16, 2.10 and 2.11. Thus S3 bounds a 4-manifold 
whose intersection form is NSPD (2.12) and hence, by Donaldson’s theorem, cannot bound 
a contractible 4-manifold. 
Proof of 4.3. We use the notation of 2.1. First note that we may assume that 
H, ( W; H,) = 0 since the free part of H, may be removed by surgery in the complement of A 
without affecting H,(W) or its intersection form. Since [A, aA] is zero, H,( W-A; H,) is Z,, 
generated by the meridian to J (or K). Thus there is a unique 2-fold cover of W branched 
over A, denoted m, which has MJLI (-MK) as its boundary. It remains to show that 
a( l%‘) = rank(H,( @)). 
Let b,(X) denote the rank of H,(X; Q). Then b2( @‘) = x( l8’) - 1 + b, (I?‘) + b,( @‘). Since it 
is well known that M, is a rational homology sphere, b3( m= 1 + b,( I?‘). But x( @)= 
X(%A)+X(A)-X(A xS’)=2(X(W-A)). Thus b,(@=2X(W-A)+2b,(@). But 
x( W- A) = x( W) so b2( @‘) = 26,( W) + 2b,( @). The proof of 4.2 of [3] shows that H,( @‘; E2) 
~0 so b2(@)=2b2(W). 
Choose Seifert surfaces -F and S for -J and K respectively and push the interiors of 
these surfaces into - B4 and B4 respectively to form the pairs ( - B4, F) and (B4, -S). These 
may be adjoined to W along its boundary to form the closed pair (Y, F’) where 
F’ =(- F)u A u S. Let F be the 2-fold cover of Y branched along F’. By the G-signature 
theorem (see for example [3]), a( P) = 20( Y). But clearly a( 8) = a(K) - a( J) + a( @). Thus 
a(m=2b,(W)+(o(J)-o(K)) since W is positive definite. Since a(@‘)lb,(@), Prop- 
osition 3.16 follows. Since we assumed o(K)= o(J), @ is positive definite. l *a 
The following generalizes Theorem 2.1 of [12]. 
COROLLARY 4.4. If K 2 Di(U) fir some 01 is 5 then D’(K) has kinkiness (1,0) for any 
lIjr(6-i). 
The following generalizes Theorem 4.5 of [4). 
COROLLARY 4.5. Zf K 2 D’( T)fir some 0 < i I 5 then for any j, 0 <j 5 (6 - i) D’(K) cannot 
be unknotted by changing negative crossings although it can be unknotted by changing a single 
positive crossing. 
1. 
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